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Interlaminar Stresses around Circular Cutouts in
Composite Plates under Tension

S. Tang*
Grumman Aerospace Corporation, Bethpage, N. Y.

A boundary-layer thoery for isotropic elastic plates with a circular cutout developed by Reiss, is extended to
laminated composites. An analytical solution is obtained for the extension of an infinite plate with a circular
hole. The interlaminar shear stresses and the normal or "peel" stress near and at the edge of the hole are
estimated for orthotropic plates. Numerical examples are given for (0 deg/90 deg)s and (±45 deg)5 laminates.
Results are compared with available finite-element solutions.

I. Introduction

DUE to the importance of design applications, continuous
fiber reinforced resin matrix laminated composites

containing cutouts have been the subject of recent studies. 1~5

From these results, the static failure strengths are obtained
with good quantitative prediction compared to experiments.
Delamination at free edges is another failure mode of
laminated composites, especially under fatigue loadings.
Extensive delamination at free edges is reported on static
strength as well as fatigue strength, with and without
notches.6"10 Hence, the determination of interlaminar shear
stresses and the normal or "peel" stress is a current research
topic. However, all the previous studies are restricted to
straight boundaries11"27 except for finite element solutions in
Refs. 14 and 28-30. There is no analytical closed-form
solution available to predict interlaminar stresses for cur-
vilinear boundaries. Therefore, the present paper attempts to
study the interlaminar stresses at a circular cutout in an
"infinite" composite laminate under uniform tensile load.
The boundary-layer theory for composite laminates in Ref. 20
is extended here to the formulation of polar coordinates, and
the title problem is investigated for the case of orthotropic
composite plates.

The laminate considered here is under inplane loading
symmetric about the midplane. The construction of the
laminate is also midplane symmetric so that there is no
stretching/bending coupling of the plate due to external load.
The force resultants around the hole of an orthotropic or
anisotropic plate are given by Refs. 31 and 32. The radial and
shear force resultants at the edge of the hole are zero. From
the plane stress solution, the strains at the edge of the hole can
be calculated by the force resultant-strain relation. Due to the
compatibility of deformation, the strains of individual layers
are the same as the laminate. Therefore, the stresses of each
layer may then be computed from the layer stress-strain law.
However, the computed radial and shear stresses of each layer
along the contour of the hole are in general not zero. Because
there exists a three-dimensional state of stresses at the free
edge of each layer where the plane stress solution cannot
predict.

The region of the plate adjacent to and including the edge,
where the plane stress solution may not be adequate, is called
the boundary layer. To obtain the governing equations in this
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region, the boundary layer is "stretched" and the stresses are
expanded in asymptotic power series about a thickness to
radius parameter.33 The lowest order approximation of the
equilibrium equations obtained here are the same boundary-
layer equations (in polar form) used by Pipes and
Pagano.12'19 Their approach is based on a displacement
formulation. The present approach is based on a stress
formulation. Therefore, the conditions of compatibility in
terms of stresses are also obtained in the form of the lowest
order approximation. The advantage of the present approach
is that the boundary-layer stresses may be separated into two
groups. Two components of stresses can be analyzed by a
modified torsion formulation and the remaining stresses can
be analyzed by a modified plane strain formulation. For a
straight edge problem results obtained by using the present
approach21 are in good agreement with results by Pipes and
Pagano.12

II. Formulation
To analyze the title problem, the cylindrical coordinate

system r, Q, Z is introduced. An infinite plate of total
thickness t = 2H is made up by 2m layers of orthotropic
lamina of thickness 2h (i.e., 2H=4mh). The plate has a
circular hole of radius R. The origin of the coordinate system
is fixed at the center of the hole on the midplane of the plate,
Z = 0.

The laminate is stretched by a uniform tensile stress p along
x axis at far field. Both the top and the bottom faces of the
plate as well as the edge of the hole are free of traction. Then
each layer, with its boundary r>R and Z— ±h, can be treated
as a three-dimensional elastic body. The following dimen-
sionless variables are introduced

P-Z-/H \P\<PH

e=h/R

so that the plate boundaries are p= ±H/h and £ = 0. The
equilibrium equations in terms of stresses can be shown to
be33

=0

^T ( °e,e + ̂  ) J = 0

(i)
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where body forces are not included. The stress components in
Eq. (1) may be represented by asymptotic power series ex-
pansion in e. The lowest order of this expansion of Eq. (1) is
the same as the classical plane stress equations in polar
coordinates.33 This derivation will not be repeated here.

III. The Boundary Layer
To obtain the governing equations in the boundary-layer

region, the "stretched" boundary-layer variable33 ry is in-
troduced as

f = £/e (2)

the boundary-layer stresses symbolized by/(r/,0,p;e) may be
expanded in asymptotic power series of e

f(ri,0,p;e) = L, f"(ri,0,p)e"
n = 0

(3)

The/" are called the boundary-layer stress coefficients, and
f" =Q when n<0. Introducing Eqs. (2) and (3) into the
equilibrium and the compatability equations of stresses and
collecting coefficients of equal power of e yields the
equilibrium equations of the boundary layer stresses

=0

When n = 0, the equations of equilibrium are simplified to

(4)

(5a)

(5b)

(5c)

These are the same boundary-layer equations (in polar form)
used by Pipes and Pagano.12 For no loss of generality, the
corresponding compatibility equations (« = 0) at 0 = ir/2 are
given as

\(S,2L
=0

(6a)

- (S45 + S36)f%]
J ) T

where the S/,- 's are the anisotropic compliance constants of the
strain-stress relation [eik] = [S//][a/*]-

Now the boundary-layer region can be identified as two
problems,33 namely, a modified torsion problem T which
involves only f% and /^ in Eq. (5c) and a modified-plane
strain problem P which involves f°r, f°, and y^r in Eqs. (5a)
and (5b). For the T problem, a function ^ is introduced such
that

and Eq. (5c) becomes

(7a)

(7b)

where V 2 =d2/di)2 +d2/dp2. The boundary conditions for
this problem are

lim
1,-OD

(7c)

(7d)

(7e)

(7f)

Equation (7c) indicates that the boundary-layer stress
coefficient f°ze vanishes as 17 — oo. Equations (7d) and (7e)
require f°e to vanish at top and bottom faces of the plate
and/or to be continuous at interfaces. Equation (If) is the
condition for the matching of the shear stresses at 17 = 0.

For the P problem, a stress function 0 is introduced so that

and the remaining two equations (5a) and (5b) are
automatically satisfied. Function/$ may be obtained from the
strain displacement and strain-stress relationship by power
series expansion similar to Eq. (3)

f°e = ~ (S12f°r + S13f° - (9)

It can be shown that the boundary-layer strain component e$
is zero. Upon substitution of Eqs. (7a), (8), and (9) into the
compatibility conditions (6a)-(6d), one finds that Eqs. (6a),
(6c), and (6d) are satisfied identically and (6b) leads to

(10)

with

=0 (6b)

(6c)

T )fr+Snf°» + (SI3 + -2 2

[$26 fr + -5/6/9 ,pp ~ $45/zr,rjr1
 = 0

(6e)

5/? r f l |p=0 (6f)

M „ = £„-
SI2SI

M =

'22'

Sl3i

-SM

— S]6 — $45

Equation (10) reduces to V4<t> = Q for an isotropic elastic
body. The corresponding boundary conditions for the P
problem are

lim
17-00 (lla)

( l ib)

(lie)

(lid)
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(lie)

( l l f )

IV. Plane Stress Solution
Considering an anisotropic plate with a circular or elliptic

hole subjected to a uniform tensile stress p at far field, one
finds that the equations of equilibrium of plane stress are
satisfied by the introduction of the Airy function.34

equations for each layer

82U 82U 82U

The inplane compatibility condition for an anisotropic
medium may be expressed in the following form30

d4U 34U
(2b

84U

34U d4U

which is a generalization of the well-known biharmonic
equation for an isotropic solid. Here the 6,/s are the elements
of the flexibility matrix and a^'s are the elements of the
stiffness matrix.

The solution of the above differential equation depends on the
roots of the characteristic equation

bns4 -2b16s3 + (2b12 + b66)s2 -2b26s + b22 = 0

On the basis of energy consideration, Lekhnitskii37 proved
that this equation cannot have real roots. Upon denoting the
roots bysy, s2, s3t and s4,

where alt ct2> $i> $2 are real constants.
The laminate stress components for infinite, elastic,

anisotropic plates with elliptical or circular holes, subjected to
uniform tension p at far field, are given by the following
formulas31'32

ox =pcos2a+2Re[s2<p^(ZJ
f
0 ( Z 2 ) ]

(12)

Txy=psinoi cosa-2Re[s1<po(zI) •

where

4(s,-s3)

r/ =b(s2s\n2a+2 cos2a) +;'

[l-Z](Z2-a2-b2s2)-*]

AI w J.-T-rrU-^(Z|-fl2-6^j)-»]4(Sj — s2) (a + is2b)

sin2a + 2 cos2a) + / # (2S/sin2a + sin2cO

ZI=x+sjy Z2=}

a. is the angle between loading direction and Ox axis, a,b are
the major and minor axes of ellipse, and the stresses at each
individual layer may be found from the following constitutive

T xy

?72 622 Q26

lit Q26 Q66

(13)

Here, a° indicates the layer stress, k identifies the layer
number, k will be dropped in the subsequent derivation for
simplicity. Since the overall strains are the same as the strains
at each individual layer, the values of ex, ey, and yxy can be
computed from the overall stresses in Eq. (12) through the
strain-stress relationship e, = btj <jj .

There is an approximate expression in the form of a
polynomial for the stress component ox when the load is
applied along the Ox axis direction.35 The expression is
restricted to a circular hole for an orthotropic plate. Fur-
thermore, the other two stress components oy and rxy are not
available in Ref. 35, and individual layer stresses cannot be
computed without the complete information of the state of
stresses of the overall laminate. Therefore, stresses in Eq. (12)
are calculated by digital computers.

V. Analysis of the Boundary-Layer Near Hole
For the /"problem, the stress function \j/ is chosen to be

/3>0 (14)

so that it automatically satisfies the differential equation (7b).
The boundary-layer stress coefficients are given as

f°e=- - ^TTI? ) cos(/?7rp ) (15)

(16)
To determine the constant 0, the boundary condition (7d) is

used, i.e.,/£0 = 0onp = ±/t>//. This implies pH= ±2m and/5 =
l/2m(2m is the number of layers). Since 0 is a positive
number, the boundary condition (7c) is satisfied, i.e.,/^ =0
as 17 — 00. The constant C may be determined by boundary
condition (If). It is computed on the basis of matching the
total inplane shear flow across the thickness of each layer,
whereupon

C =

(17)

It may be observed that if the plate construction is made of
bidirectional laminate (0 deg/90 deg)5 and the applied load at
far field is along 6 = 0 deg direction, then QI6 = 0, Q26 = 0,
b]6 = Q1 and hence C = 0. Therefore, in this case, f%=0 and
f°ze = 0 across the thickness of the whole laminate at 6 = ir/2.

For the P problem, the differential equation takes the
following form for the present problem

'tttr

7T 7T
——— T7)COS( ——— /
2m 2m

(18)

The solution of Eq. (18) may be obtained as

TT "1 TT
-l-A r-exp(-——17) cos(——p)

2m J 2m

with
-2mC(Md-Mc}_^ w rMb±^M2

b-4MaMc-\>
r
c) I>2~ 2ml 2Ma JK= 7r(Ma-Mb+Mc
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where the plus and minus sign correspond to the subscript 1
and 2 respectively. By definition, the boundary-layer stress
coefficients are given as follows

(19)

- 7T 7TI7 1 . TTp+ K—— exp(- — '-) .sm(——2m 2m J 2m

and the total stress components are obtained by combining the
stresses from the interior domain and the corresponding stress
coefficients of the boundary layer

(ar)(=o°r+f°r

(oe)(=a°+f°e

UNIFORM
EXTENSION

F°ze LOCATIONS

F LOCATIONS

UNIFORM
EXTENSION

LOCATIONS

Fig. 1 Laminate constructions.

(21)

•%^)/?+(^-^

(rzd)t=f°ze

(°z)t=f°z (20)

It may be observed that as 77 - oo, f°r =f°zr =f°z =f° = 0; hence,
the boundary condition (lla) is satisfied, and also condition
(lie) is satisfied by f°zr = 0 on p = ±PH. The two constants A
and B are determined by the two boundary conditions (lid)
and (lie), on the basis of match total force across the
thickness of each layer.

with

2max(pi+]-Pi)(Q12b

)

VI. Numerical Results and Discussion
Sample problems are worked for laminates of two different

constructions (0 deg/90 deg)5 and ( ±45 deg)5 as shown in Fig.
1. For comparison purposes (with Ref. 14), the (0 deg/90
deg)5 laminate is made of boron/epoxy with the following
typical properties:

En=30.7xl06 psi E22=E33=2.89xl06 psi

GI2 = GI3 = G23 =0.723 xlO6 psi

and the properties of the other laminate are calculated by
using material properties of typical graphite/epoxy

En=20.0xl06 psi E22=E33=2.1xl06 psi

GI2 = GI3 = G23=0.85xl06 psi

However, the condition/^ = 0 on p = ±pH cannot be satisfied
by the assumed stress function. Hsu and Herakovich en-
countered similar difficulty in their displacement functions
solution.27

By similar power series expansion as Eq. (3), the
displacement components may be obtained through strain
displacement and strain-stress relationships.

For the [0 deg/90 deg]5 laminate containing a circular hole
(Fig. 2), the interlaminar shear stress/^ is zero along 6 = 0 deg
and 6 - 90 deg as expected becasue there is no inplane shear
stress T% at these two locations, and/^ is the direct product
due to the matching of the inplane shear stresses at the free
edge. However, away from these two points, inplane shear
stress is developed due to the curvilinear boundary of the
hole, and consequently f°zQ grows rapidly away from these
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CJ0/P CLT

0 1 2 3 4 5 6

.02

0 .02 .04 .06
Fig. 2 CLT and interlaminar stresses around circular hole, B/E, [0
deg/90 deg]5.

--— LEVY,ARMEN,WHITESIDE
———— TANG

.2 -

Fig. 3 B/E [0 deg/90 deg]5 interlaminar shear-stress distribution,/^
comparison with Ref. 14.

points. The dimensionless laminate tangential stress (CLT)
around the hole is in excellent agreement with the finite
element of Levy et al.14 as expected. In computing the in-
terlaminar shear stresses, they used a model generated by
Puppo and Evensen.11 This model consisted of alternating
layers of orthotropic membranes and interlaminar shear
elements. It should be noted that in a straight edge problem,
the maximum value of interlaminar shear stress computed in
Ref. 11 is about half of the value obtained by using the three-
dimensional boundary-layer equations such as Pipes and
Pagano12 and the present approach.21 Therefore, it is not
surprising to find the f°zd distribution around the hole
calculated from the present analysis here is twice the size of
that obtained by Levy et al.14 Furthermore, it is interesting to
observe that the shapes of the stress distributions are almost
identical (Fig. 3).

Rybicki and Hopper28 and Rybicki and Schumueser36

present three-dimensional finite-element solutions of com-
posite laminates containing a circular hole. The comparison

- — — RYBICKI, HOPPEh

———— TANG

0 .2 .4 .6 .8
Fig. 4 B/E [0 deg/90 deg]5 interlaminar shear-stress distribution,/^
comparison with Ref. 28.

CLT

-.2 .2 .4 .6 .8 1.0 1.2

.04r

0 .02 .04 .06
Fig. 5 CLT and interlaminar stresses around circular hole, GR/E,
(±45deg),.

of the interlaminar shear-stress component f°ze from the
present analysis with that of Rybicki and Hopper is shown in
Fig. 4. It should be pointed out that the material properties
they use were somewhat different

psi E2=3xl06 psi

psi and *>/2 = 0.336

From Fig. 4, it can be seen that the maximum values of /^
from these two results are different by 10%. Also the peaks
and valleys of the stress distributions are not quite lined up at
the same locations. The discrepancy between these two results
may be due to the difference of the material properties used,
especially Gn and vn.
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F i g . 6 In t e r l a m i n a r
stresses die-away from edge
of circular hole, B/E, [0
deg/90 deg]5, R/t=lW.

1.0 1.01

-1.24

1.02

GR/EP
[±45°]S
R/t = 100

90°

F i g . 7 I n t e r l a m i n a r
stresses die-away from edge
of circular hole, GR/E,
(±45deg),,/?/7=100.

1.03

For the [±45 deg]5 laminate containing a circular hole, the
magnitude of f°ze has high values at 6 = 0 deg and 6 = 90 deg
because there are high inplane shear stresses r% at these
locations (Fig. 5), and this situation is just the opposite of the
[0 deg/90 deg]5 laminate. The value off°z0/p at 0 = 90 deg is
1.24 for the [ ±45 deg]5 laminate. The corresponding value of

f°zx/p for the straight-edge problem21 is 0.59. There is ap-
proximately a factor of two between these two solutions.
Therefore a straight-edge solution cannot be used as sub-
stitute for a circular cutout solution, even when the hole size is
relatively large.

V. Conclusions
In general, from the present analysis, it is found that the

circumferential component of interlaminar shear stress f°e is
dominant (Figs. 2, 5-7). This component of interlaminar shear
stress is caused by the balancing of the inplane shear stresses
7% between adjacent layers at the free edge. The other two
components of interlaminar stresses f°zr and f°z are com-
paratively small. These findings agree with Levy et al.14 and

1.0 1.01 1.02 1.03 1.04 1.05
Fig. 8 Interlaminar shear-stress die-away from hole edge as function
of R/t ratio.

GR/EP
[±45° ]s
^ = 90°

1.0 1.01 1.02 1.03 1.04 r/R
Fig. 9 Interlaminar shear stress die-away from hole edge as function
of R/t ratio.

Rybicki and Schmueser.36

It is also found from the present analysis that the
magnitude of the interlaminar stresses, around a circular hole,
depends on the material and the construction of the laminate.
Also the boundary-layer region is directly in proportion to the
R/t ratio, the radius of hole-to-plate thickness ratio. For a
large R/t ratio or a thin plate, the boundary effect dies away
quickly from the edge of the hole. For a small R/t ratio or a
thick plate, the boundary-layer effect dies away slowly (Figs.
8 and 9).

The present solution is valid for [0 deg/90 deg]5 and [±45
deg]5 laminates, and it cannot account for laminates of
general construction. The difficulties arise from the matching
of boundary conditions at the interfaces of the layers. Further
studies are needed for general laminates containing a circular
hole.
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